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Abstract
In the paper we investigate submanifolds in a tangent bundle endowed
with g-natural metric G, defined by a vector field on a base manifold.
We give a sufficient condition for a vector field on M to defined totally
geodesic submanifold in (TM,G). The parallel vector field is discussed in
more detail.
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1 Preliminaries
A smooth vector field u on a manifold M defines a submanifold u(M) in the
tangent bundle TM in an obvious way. A set of early results on the subject
is presented in ([1], Chapter III). The metric on u(M), if any is considered, is
induced from the complete or vertical lifts of the metric on M. On the other
hand, there are few results on totally geodesic submanifolds in TM defined by
a vector field on M, with metric induced from the Sasaki one. First, if u is a
zero vector field on M, then u(M) is totally geodesic ([2]). For u 6= 0 Walczak
proved
Theorem 1 ([3])
1. If ∇u = 0 on (M, g), then u(M) is a totally geodesics submanifold.
2. If u is of constant length and u(M) is totally geodesic, then u is parallel
(∇u = 0).
For submanifolds in (TM,GS) we have
Theorem 2 ([4], Proposition 2.1, Theorem 2.1)
1
Submanifolds in tangent bundle
1. Let Nm ⊂ TM, be a submanifold embedded in the tangent bundle of a
Riemannian manifold M, which is transverse to the fibre at a point z ∈
Nm.
Then there is a submanifold Fm ⊂ M, such that π(z) ∈ Fm, an open
U containing π(z), an open V containing z ∈ TM and a vector field u
along Fm ∩ U such that Nm ∩ V = u(Fm ∩ U).
2. Let Nm be a connected compact submanifold of the tangent bundle of a
connected simply connected Riemannian manifold Mm that is everywhere
transverse to the fibres of TMm.
Then Mm is compact and there is a vector field u on Mm, such that
u(Mm) = Nm.
In this respect the former theorem was extended to the case of a vector field u
defined on an arbitrary submanifold of M ([4], Proposition 3.1 and Corollaries
3.1 - 3.3) to give necessary and sufficient conditions for u(M) to be totally
geodesic.
The aim of the paper is to extend the above results to the case of a tangent
bundle endowed with g− natural metric G.
Firstly, we shall indicate large classes of the g− natural metrics such that the
theorems by Walczak cited above hold. Secondly, we give a sufficient condition
for a vector field u to define totally geodesic submanifold in (TM,G). At the
end of the paper some examples are given.
Throughout the paper all manifolds under consideration are smooth and
Hausdorff ones. The metric g of the base manifold M is always assumed to be
Riemannian one.
2 Tangent Bundle
Let x be a point of a Riemannian manifold (M, g), dimM = n, covered by
coordinate neighbourhoods (U, (xj)), j = 1, ..., n. Let TM be a tangent bundle of
M and π : TM −→M be a natural projection onM. If x ∈ U and u = ur ∂
∂xr |x
∈
TxM then (π
−1(U), ((xr), (ur)), r = 1, ..., n, is a coordinate neighbourhood on
TM. We shall write ∂k =
∂
∂xk
and δk =
∂
∂uk
.
The space T(x,u)TM tangent to TM at (x, u) splits into a direct sum of two
isomorphic subspaces
T(x,u)TM = H(x,u)TM ⊕ V(x,u)TM.
V(x,u)TM is the kernel of the differential of the projection π : TM −→ M,
i.e.
V(x,u)TM = Ker
(
dπ|(x,u)
)
and is called the vertical subspace of T(x,u)TM.
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H(x,u)TM is the kernel of the connection map of the Levi-Civita connection
∇, i.e.
H(x,u)TM = Ker(K(x,u))
and is called the horizontal subspace.
For any smooth vector field Z : M −→ TM and Xx ∈ TxM the connection
map
K(x,u) : T(x,u)TM −→ TxM
of the Levi-Civita connection ∇ is given by
K(dZx(Xx)) = (∇XZ)x .
If X˜ =
(
Xr∂r +X
r
δr
)
|(x,u), then dπ
(
X˜
)
= Xr∂r|x and K(X˜) = (X
r
+
usXtΓrst)∂r|x. On the other hand, for any vector field X = X
r∂r on M there
exist unique vectors
Xh = Xj∂j − u
rXsΓjrsδj , X
v = Xjδj ,
called the horizontal and vertical lifts of X respectively. We have
dπ(Xh) = X, K(Xh) = 0, dπ(Xv) = 0, K(Xv) = X.
In ([5]) the class of g−natural metrics was defined. We have
Lemma 3 ([5],[6], [7]) Let (M, g) be a Riemannian manifold and G be a g−natural
metric on TM. There exist functions aj , bj :< 0,∞) −→ R, j = 1, 2, 3, such
that for every X, Y, u ∈ TxM
G(x,u)(X
h, Y h) = (a1 + a3)(r
2)gx(X,Y ) + (b1 + b3)(r
2)gx(X,u)gx(Y, u),
G(x,u)(X
h, Y v) = G(x,u)(X
v, Y h) = a2(r
2)gx(X,Y ) + b2(r
2)gx(X,u)gx(Y, u),
G(x,u)(X
v, Y v) = a1(r
2)gx(X,Y ) + b1(r
2)gx(X,u)gx(Y, u),
where r2 = gx(u, u). For dimM = 1 the same holds for bj = 0, j = 1, 2, 3.
Setting a1 = 1, a2 = a3 = bj = 0 we obtain the Sasaki metric, while setting
a1 = b1 =
1
1+r2 , a2 = b2 = 0 = 0, a1 + a3 = 1, b1 + b3 = 1 we get the
Cheeger-Gromoll one.
Following ([6]) we put
1. a(t) = a1(t) (a1(t) + a3(t))− a
2
2(t),
2. Fj(t) = aj(t) + tbj(t),
3. F (t) = F1(t) [F1(t) + F3(t)]− F
2
2 (t)
for all t ∈< 0,∞).
We shall often abbreviate: A = a1 + a3, B = b1 + b3.
Lemma 4 ([6], Proposition 2.7) The necessary and sufficient conditions for a
g− natural metric G on the tangent bundle of a Riemannian manifold (M, g) to
be non-degenerate are a(t) 6= 0 and F (t) 6= 0 for all t ∈< 0,∞). If dimM = 1
this is equivalent to a(t) 6= 0 for all t ∈< 0,∞).
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3 Submanifolds Defined by Vector Fields
Let u be a smooth vector field on a Riemannian manifold (M, g) and N = u(M).
If p ∈ M, then z = (p, u(p)) ∈ TM. The space TzN = T(p,u(p))N consists of
vectors u∗(X) = X
h+(∇Xu)
v for allX ∈ TpM. The normal space T
⊥
z N consists
of vectors η =Wh + V v, where W, V ∈ TpM and
Gz(η, u∗(X)) = 0. (1)
Hence, we have
g(AW +Bg(u,W )u+ a2V + b2g(u, V )u, X)+
g(a1V + b1g(u, V )u + a2W + b2g(u,W )u, ∇Xu) = 0 (2)
for all X ∈ X(M).
By the use of the Weingarten formula
∇˜XV = −AVX +DXV,
the definition of the g - natural metric G and its Levi-Civita connection ∇˜ ([6],
[7], for definitions of F tensors cf [8]) we obtain
−Gz(AWh+V vu∗(X), u∗(X)) = G(∇˜u∗(X)(W
h + V v), u∗(X)) =
Ag(∇XW,X) +Bg(∇XW,u)g(X,u) + a2g(∇XW,∇Xu)+
b2g(∇XW,u)g(∇Xu, u) + a2g(∇XV,X) + b2g(∇XV, u)g(X,u)+
a1g(∇XV,∇Xu) + b1g(∇XV, u)g(∇Xu, u)+
A {A[u,X,W,X ] + C[u,X, V,X ] + C[u,W,∇Xu,X ]+ E[u,∇Xu, V,X ]}+
B {A[u,X,W, u] + C[u,X, V, u] + C[u,W,∇Xu, u]+ E[u,∇Xu, V, u]} g(X,u)+
a2 {A[u,X,W,∇Xu] + C[u,X, V,∇Xu] + C[u,W,∇Xu,∇Xu]+
E[u,∇Xu, V,∇Xu]}+
b2 {A[u,X,W, u] + C[u,X, V, u] + C[u,W,∇Xu, u]+
E[u,∇Xu, V, u]} g(u,∇Xu)+
a2 {B[u,X,W,X ] +D[u,X, V,X ] +D[u,W,∇Xu,X ] + F [u,∇Xu, V,X ]}+
b2 {B[u,X,W, u] +D[u,X, V, u] +D[u,W,∇Xu, u] + F [u,∇Xu, V, u]} g(X,u)+
a1 {B[u,X,W,∇Xu] +D[u,X, V,∇Xu] +D[u,W,∇Xu,∇Xu]+
F [u,∇Xu, V,∇Xu]}+
b1 {B[u,X,W, u] +D[u,X, V, u] +D[u,W,∇Xu, u]+
F [u,∇Xu, V, u]} g(u,∇Xu). (3)
Hence, after straightforward long computations, we obtain
Lemma 5 Let u be a vector field on a Riemannian manifold (M, g). Let u(M)
be a submanifold defined by u in TM with metric induced from a g - natural
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non-degenerated metric G on TM. Then the second fundamental form A satisfies
−Gz(AWh+V vu∗(X), u∗(X)) = G(∇˜u∗(X)(W
h + V v), u∗(X)) =
a1R(u,∇Xu,W,X) + a2R(u,X,W,X)+
Ag(X,∇XW ) +Bg(u,X)g(u,∇XW ) +Bg(u,X)g(V,X)+
a1g(∇Xu,∇XV ) + b1g(u,∇Xu)g(V,∇Xu) + b1g(u,∇Xu)g(u,∇XV )+
a2g(X,∇XV ) + a2g(∇Xu,∇XW )+
b2g(u,X)g(u,∇XV ) + b2g(u,X)g(V,∇Xu) + b2g(u,∇Xu)g(V,X)+
b2g(u,∇Xu)g(u,∇XW )+
A′g(u, V )g(X,X) +B′g(u, V )g(u,X)2 + a′1g(u, V )g(∇Xu,∇Xu)+
2a2
′g(u, V )g(X,∇Xu) + b
′
1g(u, V )g(u,∇Xu)
2 + 2b′2g(u, V )g(u,X)g(u,∇Xu)
(4)
at a point z = (p, u(p)) ∈ TM, p ∈M.
If u is a parallel vector field on M, i.e. ∇Xu = 0 for all X ∈ X(M), then
from (2) we get
AW +Bg(u,W )u+ a2V + b2g(u, V )u = 0,
whence
A∇XW +Bg(u,∇XW )u+ a2∇XV + b2g(u,∇XV )u = 0,
since ∇Xf(r
2) = 2f ′(r2)g(u,∇Xu) = 0. Applying to Lemma 5 we get
−Gz(AWh+V vu∗(X), u∗(X)) = a2g
(
R(u,X,W ), X
)
+
g
(
Bg(u,X)X +A′g(X,X)u+B′g(u,X)2u, V
)
.
Consequently, we have
Proposition 6 Let u be a parallel vector field on a Riemannian manifold (M, g).
If G is a non-degenerated g− natural metric on TM, such that A′ = 0, B = 0
and either a2 = 0 or M is flat, then u(M) is a totally geodesic submanifold in
TM.
Proposition 7 Let G be a non-degenerated g− natural metric on TM such
that A′ = 0, B = 0, a2 = b2 = 0 on TM and a1 + a
′
1r
2 6= 0 on a dense subset
of TM.
If u is of constant length and u(M) is a totally geodesic submanifold in
(M, g), then u is parallel.
Proof. Since
G(u∗(X), (F1 + F3)u
v − F2u
h) = Fg(u,∇Xu),
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the vector field τ = (F1 + F3)u
v −F2u
h is normal if and only if u is of constant
length, i.e. g(u,∇Xu) = 0. Thus Lemma 5 yields
−Gz(Aτu∗(X), u∗(X)) =[(
a1 + a
′
1r
2
)
(F1 + F3)− a2F2
]
g(∇Xu,∇Xu)−
F2 [a1R(u,∇Xu, u,X) + a2R(u,X, u,X) +Ag(X,∇Xu)]+
(F1 + F3)
[
(B +B′r2)g(u,X)2 + (a2 + a
′
2r
2)g(X,∇Xu) +A
′r2g(X,X)
]
.
This completes the proof.
Corollary 8 In particular, this holds for G being either Sasaki or Cheeger-
Gromoll metric.
4 Generalization
Put
TW (X,u) = ∇X
(
AX + a2∇Xu+Bg(u,X)u+ b2g(u,∇Xu)u
)
+
a1R(u,∇Xu,X) + a2R(u,X,X),
TV (X,u) = ∇X( a2X + a1∇Xu) + b2∇X(g(u,X))u+∇X(b1g(u,∇Xu))u−(
Bg(u,X) + b2g(u,∇Xu)
)
X−(
1
2
∇X(b1)g(u,∇Xu) +A
′g(X,X) +B′g(u,X)2+
a′1g(∇Xu,∇Xu) + 2a
′
2g(X,∇Xu)
)
u.
Proposition 9 For any vector fields X,W, V tangent to (M, g) such that Wh+
V v is normal we have
Gz(AWh+V vu∗(X), u∗(X)) = g(W,TW (X,u)) + g(V, TV (X,u)). (5)
Proof. To prove the proposition one has to differentiate (2) with respect to
the vector field X, then subtract (4) to eliminate terms containing ∇XW, ∇XV
and, finally, apply the identity g(∇Xu,∇Xu) = X(g(u,∇Xu))− g(u,∇X∇Xu).
Corollary 10 The submanifold u(M) defined in (TM,G) by a smooth vec-
tor field u on a Riemannian manifold M is totally geodesic if TW (X,u) =
TV (X,u) = 0 for all vector fields X tangent to (M, g).
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Observe that if u is parallel, then replacing in (2) X with ∇XX we obtain
g(AW +Bg(u,W )u+ a2V + b2g(u, V )u,∇XX) = 0.
Moreover, if u is a tors-forming vector field on M , i.e. ∇Xu = ̺(X)u+ αX
for all X ∈ TM, then
g [W, (A+ αa2)X + (B + αb2)g(u,X)u+ ρ(X)F2u]+
g [V, (a2 + αa1)X + (b2 + αb1)g(u,X)u+ ρ(X)F1u] = 0.
Replacing in the last equation (or in (2)) an arbitrary X with ∇XX and
subtracting the result from (5) we shall get for the particular vector field u the
following
Proposition 11 If u is a concircular vector field on M , i.e. ∇Xu = αX for
all X ∈ TM, then
TW (X,u) = [X(A+ αa2) + α(B + αb2)g(u,X)]X + (a2 + αa1)R(u,X,X)+
[X(B + αb2)g(u,X) + α(B + αb2)g(X,X)]u,
TV (X,u) = [X(a2 + αa1)− (B + αb2)g(u,X)]X+[(
b1X(α) +
1
2
αX(b1)
)
g(u,X) + α(b2 + αb1)g(X,X)
]
u−[
B′g(u,X)2 + (A′ + α(a′1α+ 2a
′
2))g(X,X)
]
u.
For the Sasaki metric and a concircular vector field u we have
TW (X,u) = αR(u,X,X), TV (X,u) = 0,
so the concircular non-parallel vector field gives rise to a totally geodesic sub-
manifold only if (M, g) is flat.
On the other hand, for a given concircular vector field on a non-flat (M, g),
we can always construct a family of nondegenerated g - natural metrics on TM
that are not Sasaki ones so that u(M) is totally geodesic in TM . Having given
α and, for example, a1 on a neighbourhood of a point z = (p, u(p)) ∈ TM it is
enough to put a2 = −αa1, A = α
2a1 + C, C = const 6= 0, bj = 0. Similarly, if
(M, g) is flat and α = const.one puts a2 = −αa1 + C1, A = α
2a1 + C1α + C,
C = const, C1 = const, Ca1 + C1 6= 0, bj = 0.
Proposition 12 If u is a recurrent vector field on M , i.e. ∇Xu = ̺(X)u for
all X ∈ TM, then
TW (X,u) = F2
[
(∇Xρ)(X) + ρ
2
]
u+ 2A′ρr2X + 2ρ(B +B′r2)g(u,X)u+
2ρ2r2(a′2 + b2 + b
′
2r
2)u+ a2R(u,X,X),
TV (X,u) = F1
[
(∇Xρ)(X) + ρ
2
]
u+
[
b1 + a
′
1 + b
′
1r
2
]
ρ2r2u+[
(2a′2 − b2)ρr
2 −Bg(u,X)
]
X−
[
ρ(2a′2 − b2)g(u,X)−A
′g(X,X)u−B′g(u,X)2
]
u.
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For the Sasaki metric and a recurrent vector field u we have
TW (X,u) = 0, TV (X,u) =
[
(∇X̺) (X) + ̺
2
]
u
on arbitrary (M, g).
If (M, g) is flat and the recurrent form ̺ is parallel, then there exist a family
of g - natural metrics on TM, such that u(M) is totally geodesic in TM.
Example 13
A = const 6= 0, B = 0, a2 = b2 = 0,
a1 + ta
′
1 + t(2b1 + tb
′
1) = 0, F1 = a1 + tb1 6= 0.
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